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Abst ract - - In  this work, we give a sufficient algebraic condition for the local observability problem 
of invariant control systems on compact Lie groups such that the output map is not differentiable. 
In particular, the usual techniques involving Lie derivatives do not work. Our approach comes from 
the representation theory. We use the regular epresentation to construct a bilinear system on the 
Hilbert space of the square integrable function defined on the group to a finite-dimensionai vector 
space. If this bilinear system is observable, then we prove that the invariant control system is locally 
observable. 
Keywords - -Loca i  observability, Invariance, Representation theory, L2-output map, Nondifferen- 
tiable output map. 
1. INTRODUCTION 
In this work, we study observabi l i ty for a right invariant control system on a f inite-dimensional 
Lie group such that  the output  map is not differentiable. In part icular,  in this case, it is not 
possible to approach by using the usual techniques involving derivatives of the output  map. The 
main idea is to use the representat ion theory for compact Lie groups on the Hi lbert  space of the 
set of all square integrable functions defined on the Lie group to an output  vector space. 
Let ~ = (G, 7), h, V) be an invariant control system on a compact  Lie group G given by 
m 
g{t) = X(g(t)) + Z uj (t)Y j (g(t)), 
j=l 
y(t) = h(g(t)) • V, 
where X ,  y1 ,y2 , . . .  , ym belong to the Lie algebra G of G. We shall th ink of the elements of 
as a r ight invariant vector fields. V is a f inite-dimensional vector space with inner product  (,).  
The output  map h is an element of the Hi lbert  space 7-l = L2(G, V) and the dynamic  7) is given 
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by 
~) = X + ~ u jY J  u E R m . 
j=l 
induces a semigroup and a group of global diffeomorphisms 
{z : ,  o..oZf  •v, >0} 
and 
= { z : ,  o . .o  I • v ,  • R } , 
respectively. The ]E-indistinguishable r lation ",~" is defined on G by 
gl ,'~ g2 ~ h o ~o(gl) = h o ~o(g2), V ~o • SE. 
Let us denote by 0 the equivalent class of g • G. ~ is said to be observable (locally observable), 
if for each g • G, 0 = {g} (for each g • G, there exists a neighborhood U of g such that 
n U = {g}). In other words, h o St. separate points on G (on neighborhoods of G). 
On the other hand, without lost of generality, the orbit theorem [1] allows us to consider a 
transitive control system. In this case, it is enough to request hat the Lie algebra generated 
by T) coincides with the Lie algebra g of G. In particular, the orbit of the neutral element e is G. 
In [2,3], the authors tudy observability of linear control systems and invariant control systems 
on Lie groups, respectively. In these cases, the output map h is a projection in a coset space 
and a Lie group homomorphism, respectively. They prove that the equivalent class I of e is a 
closed subgroup of G. They use the Lie algebras of the kernel of h and I to characterize local 
and global observability. In our case, this kind of technique does not work. We use the right 
regular epresentation R of G on 7-/, the set of all square integrable functions defined on G to the 
vector space V to represent ~ by a system R(~) on 7-/with a linear output map defined by h 
and the 7-/-inner product on 7~ with h. By the Peter-Weyl Theorem [4], we decompose R(r.) 
in a numerable direct product of finite bilinear control systems P~(Z), where Ir is an equivalent 
class of unitary irreducible representation f G. We show that R(Z) is observable if and only if 
R~(~) is observable for every It. This result allows us to obtain a sufficient condition for the local 
observability of invariant control systems when the output map h of Z belongs to L2(G, V). 
This paper is organized as follows. 
In Section 2, we construct the system R(~) via the regular ight representation. I  Section 3, 
we give the decomposition f R(Z) and we obtain a sufficient condition for the observability of~. 
We finish with some remarks. 
2 THE SYSTEM R(Z) 
Let ~ - (G, :D, h, V) be an invariant control system on a compact Lie group G. 
In the sequel, we want to construct a new control system on the Hilbert space 7-/via the right 
regular epresentation G. Let R be the homomorphism from G to the linear group GL(~)  
of all invertible linear operators on ~/defined by right translation on 7~, i.e., for each g • G, 
R(g) f (x )  = f (x .  g) from every f • 7"/and x • G. We denote by 
~o~ = { f  e ~ I R( . ) f  • Coo(G,~)}, 
the dense subspace of 7~ of all C°°-vectors to the representation R, [4]. Over ~/~, we can represent 
the Lie algebra g. Indeed, 
g dam End(7~) 
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defined by 
d t=oR(exptX)f" dR(X).{ = 
In particular, we can consider the representation R(E) °° of E on ~,  i.e., the system 
flz 
~(t) = dR(X)(~(t)) + E uj(t)dR (YJ) (~(t)), 
j= l  
9 (9(t)) =/a  ([7(t)(g), h(g)) dg E V. 
Since the system is right invariant, for every ~ E G~ and g E G, ¢p(g) = ¢p(e)g, where e denotes 
the neutral element of G. This fact allows us to represent G~ as a subgroup of End(~/); indeed, 
if ~ E G~ and f E ~/, we can define 
So, 
R = I • 
is a group of linear transformations acting on ~/. R(G~:) defines an evolution bilinear system 
R(:E) on ~/. In fact, for every f • 7-/, we can consider the system (R(E), f )  
[7(t) = R(~)f, 
~) (~(t)) = ]~ (~(t)(g), h(g)) dg • V. 
In particular, if f • ~ ,  then ~(t) = R(~)] is a solution of R(~) °° and this comes from the 
following commutative diagram: 
dR .... > End(7/) 
exp ~ ~ exp • 
G R> GL(7-l) 
Take u • R m and Z = X + )-~j=l uJ Yj  • :p" If ~(t) = R(Zt)f, then 
flz 
~(t) = dR(Z)R( Zt)f  = dR(X) (~(t)) + E uj(t) dR (YJ) (~(t)). 
j=l 
Therefore, R(~) extends the differentiable bilinear system R(:E) °° on the dense subspace ~/~ in 
an evolution bilinear system on 7-/. 
3. THE R(:E) DECOMPOSITION 
First, we will consider the case that V = C (complex numbers). The classical Peter-Weyl 
Theorem gives a decomposition of L2(G, C). Since this theorem is also true for general finite- 
dimensional vector space V, we use this result to decompose our system R(]E). In the sequel, we 
use the Peter-Weyl Theorem to decompose R(:E). 
THEOREM 3.1. (See [5]). Let G be a compsct Lie group and denote by G*, the family of all 
equivalent classes of unitary and irreducible representation of G. Then, 
L2(G, C) = ~ec.L2(G,  ~r), 
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where L2(G, 7r) is the isotopic component of 7r in L2(G, C), i.e., the direct sum of all subspaces 
of the R representation equivalent to 7r. | 
We consider the orthogonal projection 
L2(G, C) v,, L2(G, 7r) 
defined by 
P.(f)(g) = dim(r)Tr (](~r)r(g)*) ,
where f E L2(G, C), dim(r) is the dimension of the vector space W. of It, ~r(g ) e GL(W.), 
9 e G, and ](w) = fG f(gfir(9) d9 is the Fourier transformation of f evaluated at 7r. By the 
definition of P. ,  it is clear that for every l re  G, 
L2(G,~r) C 7"l°~. 
In particular, the projection of R(~) and R(~) °° on L2(G, It) are the same. Then, we obtain the 
bilinear analytic finite-dimensional control system R(~)~ on L2(G, ~r) given by 
m 
~it) = A.~.(t) + ~ ~j(t)A~ (~.(t)), 
j----1 
=/c  (~(t)(x), h(x)) dx e V. 9. (~(t)) 
Here A,A j • End(L2(G,~r)), j = 1,. . .  ,m, and ~ • £(L2(G,~r),V). 
PROPOSITION 3.2. Let G be a compact Lie group and ~ = (G, Z), h, V) be an invariant control 
system. Then, 
R(~) = e~EG" R(~.)~. 
PttOOF. We prove that ]Y = ~-~-~EG* 1?~" Since ~ is continuous and G* = ~-'~-~ev" G'~r, we have for 
every e > 0, there exists F0 C G* of finite cardinality such that for every F of finite cardinality, 
satisfying F0 C F C G*, 
*rEF V *rEG" 
We denote by A.C.(V) the space of absolutely continuous functions on V and ¢ the input-output 
map of ~3, i.e., 
¢ : St. x ~ --. A.C.(V) 
defined by 
@(~' f) = ]a R(~(e)  f(g)h(g) dg. 
Since for every g • G, R(g) • GL(7-I), we have 
O ~ = 0(~, .) • ~(~,A.C.(V)), V~ • S~. 
Since for every f • 7"/, sup~es,~ [[(I)*(f)[[ < M I. By the uniform boundedness principle, it follows 
that suP~es= [ [~ [[ < M. Let us denote by @x the input-output map of R(~)=. If (~o, f)  • St. x 7-I 
and F c G* has finite cardinaiity, then 
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By the Peter-Weyl Theorem, f = )-~ec" P~(])" We conclude that 
The next step is to characterize observability of R(~). 
THEOREM 3.3. Let G be a compact Lie group and ]E = (G, T), h, V) be a transitive invariant 
control system. Then, 
R(~) is observable ~:~ R(~)~ is observable, V ~r E G*. 
PROOF. 
(=~) We know that for each equivalent class 7r in the dual group G*, the isotopic component 
L2(G, Ir) is an R-invariant subspace of 7/. Thus, G = Gr.(e) acts on L2(G,r) via the regular 
right representation R, i.e., 
G x L2(G, lr) --* L2(G, r), 
(g, I) 
In particular, trajectories with initial condition f • L2(G, lr) remain in L2(G, It). On the other 
hand, for every ~r • G*, L2(G, lr) C If. By the hypothesis, R(Z) is observable. Then, R(~)~ is 
also observable. 
(¢=) Let I be the unobservable space of bilinear system R(~), i.e., 
I = N Ker¢~" 
~Es~ 
We have the following facts. 
1. I is a closed subspace of If. In fact, V~ • Gr., ~ is a continuous map. 
2. I is G-invariant. In other words, there exists a well-defined action 
G x I ~ I, R(g, f) = R(g)f. 
In fact, since ~ is transitive for every f • I and g • G, there exists a global diffeomorphism 
• Gr. such that the trajectories of ~ associated with ~o and initial condition e connect he 
neutral element with g. In particular, R(~)f is the trajectory of R(~) with initial condition f
associated with R(~). Let ¢ • Gr.. Of course, ~ o ¢ • Gr.. So, ~¢(R(g)f) = ¢~o¢(f). But, 
f • I implies ¢#'(R(g)f) = 0, V¢ • Gr. So, we have proved that R(g)f • I, for every f • I and 
g•G.  
3. I is an ideal of the convolution algebra (If, *). Let ~ • If vanishing I, i.e., 
~. f (e )=/a f (g -1 )~(g)dg=O,  V f• I .  
Since I is G-invariant, 
~. f (x )=/a f (g - lx )~(g)dg=O , Vf• I ,  Vg•G.  
Therefore, ~o • If, we obtain 
vanishes I ~ ~ * f = 0, V f • I. 
OSRdA 34 : 12-C 
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Assume f ,  A, f~ E ~.  A simple calculation shows that 
Since (~/, *) is an associative algebra, if f vanishes I and f E I, we have j3 vanishes A* f ,  VA E 7-/. 
However, I is closed. By the Hahn-Banach Theorem, it follows that A * f E I. Otherwise, there 
exist A E 7-/and a bounded linear functional T vanishing in I such that T(A * f)  is not null. By 
the Riesz Theorem, there exists 7 E 7-/such that 
T(f)  = (f, 7)~, f 6 Tl. 
We define f~(g) = 7(g-l),  then for every f E I, 
T(S) = fG fo = °" 
However, there exists A E 7-I such that 
T(A * f) =/G(A * f) (g-i) 13(g) dg # O, 
i.e., ~ E 7~ vanishes f ,  but not A * f .  
4. I = ~9~ea. I n LU(G, ~r). In fact, since I is a closed subspace of 7 - /~ea*  I n L2(G, ~r) c I. 
Let ~r 6 G*. The character Xr of zr is the map X~ : G --* C defined by Xr(g) = Tr(~r(g)). 
A simple calculation shows that for each f 6 7-/, 
X,r * f = dim(lr)-lP=(f). 
In particular, if f 6 I, we see that 
X~.  f e IA  L2(G,~r). 
So, f = )-~reG* X~ * f 6 (B=eG*I A L2(G, It). Finally, we show that I cannot intersect more than 
one isotopic component. Otherwise, assume there are two representations equivalent classes Ir 
and a of G and there exists a nontrivial subspace J such that 
J = I A [L2(G, lr) ¢ L2(G, a)].  
Therefore, 
X,~(J) = (Xr * I) n L2(G, r) C I n L2(G, ~r). 
But, the system R(~)~ is observable on L2(G, 7r). Consequently, ?dr(J) = 0 and I is contained 
in L2(G, 7") for only one r e G*. It follows that I = {0} and then R(~) is observable. I 
For each ~r E G*, L2(G, 7r) is a sum of dim(~r) invariant and irreducible subspace L2(G, ~r)i by 
the regular ight representation R. So, 
L2( G, 7r) = (gdi=~(~) L~(G, 7r)i. 
COROLLARY 3.4. Let G be a compact Lie group and ~ = (G, l), h, V) be an invariant control 
system. Then 
R(~) observable =~ Ker(Yr)i C L2(G, ~r)i, 
/'or every 7r E G* and each i = 1, . . . ,  dim(r). 
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PROOF. Since R(~) is observable, R(r,)~ is observable for every Ir E G*. On the other hand, 
for every i, L2(G, ~r)~ is R-invariant. Then, the invariant control system R(~)~,~ on L2(G, ~r)i is 
observable. In particular, 
Ker (!)~)i ~ L2( G, 7r)i, Vi = 1,. . . ,  dim(Tr). 
REMARK 3.5. 
(I) Let G be a compact Lie group and Z = (G, T), h, V) be a transitive right invariant control 
system with output map h which is a square integrable function from G to V. We denote by 
C(e) the unobservability equivalent class of e. By the regular right representation and the 
Peter-Weyl Theorem, we have obtained a control system R(~) = (L2(G, V), dR(T)), h, V), 
where the output map h is a linear function from L2(G, V) into Vdefined by inner product, 
i.e., h = ( ,h ) .  
(2) Since C(e) is a normal Lie subgroup of G, we can consider the quotient Lie group G\C(e) 
and also its regular representation. The following result allows us to give an algebraic 
sufficient condition to the locally observability of ~. 
PROPOSITION 3.6. Let G be a compact Lie group and E be a transitive right invariant control 
system. Then, 
L2(G\C(e), V) J- C I. 
PROOF. Let us consider the following continuous application: 
L2(G\C(e), V) ' ,  L2(G, V) 
defined by i(f) = f o p, where p : G ---* G\C(e) is a canonic map onto the quotient. Let 
E L2(G\C(e), V) j', in particular, for every g • G, 
where/~g is defined by the following commutative diagram: 
c ", v\c(~) 
hg \ / ~g , 
V 
i.e., hg(x) = h(xg). Then, for every ~o • St., 
Therefore, 
=/~. (~(g), (h~(,)-,) (g)) ag 
= f~. (~(g), h (=. ~(g)-l)) ag 
= .[~ (~(g, .qo(e)), h(g)) dg 
= dg. 
Then, (R(~o(e))~, h) = 0. Thus, ¢~(~) = 0, for every ~o • St,. Consequently, ~ • I. II 
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THEOREM 3.7. Let G be a compact Lie group and E be a transitive right invariant control 
system. Then, 
R(E) observable =~ ~ is locally observable. 
PROOF. By the hypothesis, the equivalent class of the function zero in ?/ is trivial. By the 
theorem, we obtain 
L2(G\C(e), V) ± = O. 
In particular, 
L2(G\C(e), V) = ?-l. 
So it is clear that C(e) must be a discrete subgroup of G. Thus, the system E is locally observ- 
able. 1 
REMARK 3.8. 
(1) Let G = S 1 parametrized by O 6 [0, 27r) and E] an arbitrary transitive right invariant 
control system on S 1 such that h(O) = e ie. We have 
is the trivial group. So, the system is observable. However, R(E) is not observable. Indeed, 
S 1 is a commutative group. Thus, every irreducible representation f S 1 has dimension 1. 
Therefore, by the theorem, 
R(E) is observable ¢* R(E)~, is observable, V~rn E ($1) * 
=¢,Uer(~lTr,,)~L2(S1,Trn), Vffn e ( s i )  * , 
where ~)~,(f) = f : ' f (O)h(e)d6) .  However, if h = ~']~neNhn is Fourier series of h in 
L2(S x, C), then we have hn # 0 ¢:~ n = 1. So, we have 
{ CeinO n # 1 } 
Ker 9, .  = {0} n = 1 " 
Consequently, for every n # 1, the projection of R(E) on L2(S 1, rn) = Ce ±no is not 
observable. Furthermore, 
I = (cede)  ± . 
(2) On T/, we consider the normalized character e= of 7r defined by 8~(g) = dim(r)X=. Thus, 
the projection on each isotopic component is given by convolution with the normalized 
character. Let h 6 ~/. Then, h = ~-~=ea" e~ * h. 
We denote by 
G ={rea*te ,h#0}. 
From this, we can characterize the unobservable group C(e). 
(3) Let G be a compact Lie group and E be a transitive invariant control system. Then, 
C(e) = N {g 6 a [ o ,  • h = R(g)(O,~ • h)}. 
~6G* 
PROOF. Let g be an element of C(e). For every x 6 G and each ~ 6 G*, we have 
R(g)(O,~ • h)(x) = O~ • h(xg) = O,  • h(x). 
Reciprocally, R(g)h = ~,,e(:Tq. R(g)(O~ * h). 
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In particular, if g is an element of the intersection, we obtain 
R(g)h = h and g E C(e). | 
REMARK 3.9. 
(1) Let e~ be character and consider the following isotropy groups: 
isot (0~) = {g 6 G IR(g)O~r = 0~},  
isot(O) = N isot(O~). 
~r6G~ 
Since R(g)(O,~ * h) = (R(g)O,~) * h, it follows that isot(O) C C(e). Therefore, if isot(O) 
is not trivial, E cannot be observable. On the other hand, 7r(g) = Id =~ R(g)O~ = 07r. 
Thus, 
~'~ ger(~r) C isot(O). 
~EG~ 
(2) In the proof of the theorem, we show that 
I = N Ker (I) ~ 
~oESz 
is a left ideal of the convolution algebra (9/, *). 
(3) It is known [5] if H is a left-right ideal of 7-/, then H coincides with the closure of the 
direct sum of the isotopic components of 7-/contained in H. 
PROPOSITION 3.10. Let G be a compact Lie group and E be a transitive control system. Then, 
I = ~,~:o,,,h=oL2(G, lr).
PROOF. Let 7r 6 G* such that O.  * h = 0. Hence, h 6 L2(G,~r) ±. Since (Bo#.L2(G,a) is 
R-invariant, we see that the orbit of h by R satisfies R(G)h 6 L2(G, lr) ±. We consider ~ 6 
L2(G, 7r) and ~ 6 Sx:. 
¢~(~) = (R(cp(e)~, h) = <~, R(cp(e)-lh> = O. 
In fact, R@(e)- lh belongs to the orbit ofh. So, i f r  e G* satisfies e~,h  # O, then L2(G,~r) c I. 
Therefore, the orbit of h is not orthogonal to L2(G, r). Consequently, L2(G, 7r) ~ I. | 
REMARK 3.11. 
(1) If G is an Abelian compact Lie group, then every ideal of (7-/, ,) is left-right ideal. 
(2) If the unobservable space I is a left-right ideal, we have 
f eI'l" =t" f = E O~r* f. 
~EG~ 
On the other hand, if g 6 isot(O), we see that 
n (g) I  = )-~An(g)O~) * / = / .  
In particular, I l c L2(G\isot(O), V). 
(3) Let us consider a system E such that G = S 1 parametrized by O 6 [0, 2n) and 
h(O)  = e 2~° + e s~°. 
A simple calculation shows that C(e) is trivial and so isot(O). However, 
I = 49.#2,3Ce in° C L 2 (S 1, C). | 
# 
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